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The main object of the present paper is to give a unification (and generalization)
of two interesting q-identities which were proven recently by George E. Andrews.
Some related results involving the Fibonacci numbers are also considered.  2001
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1. INTRODUCTION AND PRELIMINARIES
From a truly amazing heuristic investigation of the behavior of the
familiar RogersRamanujan identities near the unit circle, Daan Krammer
stated a conjecture involving the sum:
Kn :=1+2 :
n
k=1
(&1)k q
&( k2) _2k&1k & ,
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where the Gaussian polynomial is given by
_nk&={
0, if k<0 or k>n
1, if k=0 or k=n
(q; q)n
(q; q)n&k (q; q)k
, if 0<k<n,
with, as usual,
(*; q)0=1 and (*; q)n=(1&*)(1&*q) } } } (1&*qn&1)(n # N),
N being the set of natural numbers. John Greene [3] gave a proof of
Krammer’s conjecture by making use of Schur’s identity:
Dn+1 := :
02 jn
q j2 _n& jj &= :

*=&
(&1)* q(12) *(5*+1) _
n
_n&5*2 && ,
where, in addition, D0=0, [x] being the greatest integer function.
Andrews [1] found the following interesting identities connecting Kn
and Dn :
Kn :=1+2 :
n
k=1
(&1)k q
&( k2) _2k&1k &
=&1+2 :
n
k=0
(&1)n&k q
&( n&k2 ) _2n+1n&k & D2k+2
=&1+2 :
n
k=0
(&1)n&k q
&( n&k2 ) _ 2nn&k& D2k+1 . (1)
As q  1, these identities lead to the following identities for Fibonacci
numbers [1, p. 73]:
:
n
k=0
(&1)k \2k&1k += :
n
k=0
(&1)n&k \2n+1n&k + F2k+2
= :
n
k=0
(&1)n&k \ 2nn&k+ F2k+1 , (2)
where
F1=F2=1 and Fn=Fn&1+Fn&2 for n # N"[1, 2].
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By means of certain well-known generating functions for the Fibonacci
numbers (cf., e.g., [2, p. 336]), the three sums in (2) are readily seen to be
the coefficients of xn in the following three rational functions, respectively:
(1&x)2n+1
(1&x)2&x
=(1&x)2n+1
1
1&3x+x2
=(1&x)2n
1&x
1&3x+x2
.
This evidently completes an alternative (direct) proof of the identities (2).
Next, by considering a more general rational function,
(1&x)m
1&3x+x2
,
where m is an arbitrary complex number, we can obtain the following
generalization of the known identities (2):
:
n
k=0
(&1)k \m&2(n&k)&2k += :
n
k=0
(&1)n&k \ mn&k+ F2k+2
= :
n
k=0
(&1)n&k \m&1n&k + F2k+1 . (3)
When m=2n+1, (3) readily yields (2).
2. THE MAIN RESULT AND ITS CONSEQUENCES
Formula (3) and Andrews’s proof [1] of Formula (1) lead us eventually
to the following unification (and generalization) of (1) and (3):
Theorem. Let m and r be arbitrary complex numbers such that m+rn
whenever m+r is an integer. Then
:
n
k=0
(&1)k q
&( k2) _m&2(n&k)&2k &
= :
n
k=0
(&1)n&k q
&( n&k2 ) _m+rn&k& A2k+2+r , (4)
where
A2k+2+r := :
k
j=0
q j2+(m&2n&1) j _2k+2+r& j&1j & (n # N0 :=N _ [0]).
(5)
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Remark 1. The first equality of (1) can be deduced as a special case of
(4) when
m=2n+1 (n # N) and r=0.
Remark 2. In its special case when
m=2n+1 (n # N) and r=&1,
our assertion (4) yields the second equality of (1).
Remark 3. When q  1, the special cases r=0 and r=&1 of our asser-
tion (4) reduce, respectively, to the first and second equalities of (3).
Proof of the Theorem. We first recall that
_:k&=
(1&q:)(1&q:&1) } } } (1&q:&k+1)
(1&qk)(1&qk&1) } } } (1&q)
=
(q:&k+1; q)k
(q; q)k
(k # N0). (6)
Now, by applying each of the formulas:
_m&2k&2n&k &=
(qm&n&k&1; q)n&k
(q; q)n&k
=
(qm&n+k+r+1; q)n&k
(q; q)n&k
(qm&n&k&1; q)n&k
(qm&n+k+r+1; q)n&k
, (7)
(a; q)N
(b; q)N
= :
N
j=0 _
N
j &
(ba; q) j
(b; q) j
(&a) j q(
j
2)
(see [4, p. 247, Eq. (IV.3)]), (8)
and
&\n&k+ j2 ++(n&k+ j ) j+\
j
2+=&\
n&k
2 ++ j 2, (9)
we observe that the first member of the q-identity (4) is
:
n
k=0
(&1)k q
&( k2) _m&2(n&k)&2k &
= :
n
k=0
(&1)n&k q
&( n&k2 ) _m&2k&2n&k &
= :
n
k=0
(&1)n&k q
&( n&k2 ) (q
m&n+k+r+1; q)n&k
(q; q)n&k
(qm&n&k&1; q)n&k
(qm&n+k+r+1; q)n&k
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= :
n
k=0
(&1)n&k q
&( n&k2 ) (q
m&n+k+r+1; q)n&k
(q; q)n&k
_ :
n&k
j=0 _
n&k
j &
(q2k+2+r; q)j
(qm&n+k+r+1; q) j
(&1) j q
(m&n&k&1) j+( j2)
= :
n
k=0
:
n&k
j=0
(&1)n&k+ j q
&( n&k2 ) +(m&n&k&1) j+(
j
2)
_
(qm&n+k+r+1+ j; q)n&k& j
(q; q)n&k& j
(q2k+2+r; q) j
(q; q) j
= :
n
j=0
:
n& j
k=0
(&1)n&k+ j q
&( n&k2 ) +(m&n&k&1) j+(
j
2)
__ m+rn&k& j&_
2k+2+r+ j&1
j &
= :
n
j=0
:
n
k= j
(&1)n&k q
&( n&k+ j2 )+(m&n&k+ j&1) j+(
j
2)
__m+rn&k&_
2k+2+r&j&1
j &
= :
n
k=0
:
k
j=0
(&1)n&k q
&( n&k+j2 ) +(n&k+j ) j+(
j
2) +(m&2n&1) j
__m+rn&k&_
2k+2+r&j&1
j &
= :
n
k=0
:
k
j=0
(&1)n&k q
&( n&k2 )+j
2+(m&2n&1) j _m+rn&k&_
2k+2+r&j&1
j &
= :
n
k=0
(&1)n&k q
&( n&k2 ) _m+rn&k& :
k
j=0
q j2+(m&2n&1) j _2k+2+r&j&1j &
= :
n
k=0
(&1)n&k q
&( n&k2 ) _m+rn&k& A2k+2+r ,
which evidently completes the proof of the theorem.
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